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This is  a progress  r epor t  for p a r t  of works performed f o r  
contract No. NAS8-11155 under t h e  phase of a n a l y t i c  study of a 
ea-n-cilever con ica l  s h e l l  subjected. t o  wind and thermal loads.  
Most of t h e  resu l t s  given i n  t h i s  r e p o r t  were given i n  a 
- -.___ -""--- - ~ pc---------.- 
- lecnnica'r Repart* s ~ h ~ i t t e d  previous1  y. However, t he  results 
have beer, checked f u r t h e r  by a somewhat d i f f e r e n t  approach from 
t h e  one used i n  t h a t  report .  Some c o r r e c t i o n s  q made. Thus CIJ-te 
t h i s  r epor t  may be regarded a s  t h e  f i n a l  one f o r  t h e  phase of t h e  
a n a l y s i s  of a c a n t i l e v e r  conical  s h e l l  subjec ted  t o  la te ra l  
____1 
. For completeness t h e  e n t i r e  problem and b a s i c  equa- - 
t i o n s  are  b r i e fed .  
. 
*"An Asymptotic Solut ion For Conical S h e l l s  of L inea r ly  
Varying Thickness*', by C,  H. Chang, Technical Report C submitted 
t o  George C, Marshall  Space &Flight Center ,  NASA f o r  Contract 
No. NAS8-5168 by Bureau of Engineering Research, Univers i ty  of 
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ON CONICAL SHEZLS OF LINEARLY VARYING THICKNESS 
SUBJECTED TO -LATERAL NORMAL LOADS 
/ Prepared by 
ABS TRACT J 
The basic equat ions  of con ica l  shells of l i n e a r l y  varying 
th ickness  and an  approach t o  t h e  homogeneous so lu t ions  were given 
i n  "Stresses i n  She l l s "  by W. Fliigge. The homogeneous s o l u t i o n s  
were hinged on an  e igh th  degree characterist ic equation. I n  t h i s  
repor t ,  a long  t h e  l i n e  of t h e  theory,  t h e  characterist ic equat ion  
i s  given i n  a d i f f e r e n t  f o m ,  and a method of so lv ing  t h e  equat ion 
i s  a l so  presented.  When l e t  t h e  r a t io  of t h e  end th ickness  t o  
t o t a l  l e n g t h  approach zero asymptot ica l ly ,  it i s  found t h a t  t h e  
so lu t ion  c o n s i s t s  of two par t s :  me-mbrsce and bending. The two 
p a r t s  are coupled by t h e  la teral  displacement. 
--___ -. .. 
The p a r t i c u l a r  
so lu t ions  due t o  lateral  normal l o a d s  a r e  a l s o  given along with 
a numerical example of a t runca ted  semi-cireblar  cone. 
+ Associa te  Professor  of Engineering Mechanics, Univers i ty  
of Alabama 
-1 - 
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Introduct ion 
The theory of conical s h e l l  of l i n e a r l y  varying th i ckness  
i n  the  framework of generalized p l ane  stresses of l i n e a r  theory 
of e l a s t i c i t y  a long  with a general approach of so lv ing  t h e  basic 
equat ions has been given i n  Reference [ l]  . 
equ i l ib r ium equat ions i n  terms of three displacement components 
w e r e  solved by t h e  c lass ic  method of s e p a r a t i o n  of v a r i a b l e s ;  i n  
t u r n  t h e  s o l u t i o n s  were hinged on an e i g h t h  degree character is t ic  
equation. 
1 
The t h r e e  homogeneous 
The b a s i c  equat ions may be regarded a s  the r e s u l t s  of series 
expansion of t h e  stresses and displacements i n  a parameter k 
which depends on the  r a t i o  of t h e  t h i ckness  t o  l e n g t h ,  and on ly  
the  terms of ze ro  and f i rs t  o rde r  of k are r e t a ined .  Along t h i s  
l i n e ,  i n  t h i s  paper  t h e  c h a r a c t e r i s t i c  equat ion is  presented i n  
a d i f f e r e n t  form and i s  solved by a method being approximate b u t  
c o n s i s t e n t  w i t h  t h e  theory.  
Of t h e  e i g h t  r o o t s  of t h e  equat ion,  f o u r  a re  real and t h e  
o t h e r  f o u r  a r e  complex. When l e t  t h e  parameter k approach zero 
asympto t i ca l ly  it i s  found t h a t  t h e  s o l u t i o n  of t h e  real r o o t s  i s  
of membrane theory while  t ha t  of t h e  complex r o o t s  is  of bending 
effect, A general  asymptotical  s o l u t i o n  is given including e i g h t  
undetermined con s t a n t  s. 
Genera l ly  there would be no d i f f i c u l t i e s  i n  ob ta in ing  t h e  
p a r t i c u l a r  s o l u t i o n s  of t h e  system due t o  l a t e ra l  normal loads.  When 
t h e  load  i s  uniformly d i s t r i b u t e d  a long  meridians,  t h e  s o l u t i o n ,  
1Numbers i n  b racke t s  designate  r e fe rences  a t  end of paper 
3 
however, i s  n e a r  a s i n g u l a r i t y  of t h e  system. I t  is a t  a s i n g u l a r i t y  
for t h e  asymptot ical  so lu t ion .  The p a r t i c u l a r  s o l u t i o n  of a such 
case i s  given. 
As a n  example f o r  i l l u s t r a t i o n ,  a semi-circular  t runcated 
cone which has two generators  simply supported with t h e  smaller 
c i r c u l a r  end f i x e d  and t h e  o t h e r  end f r e e  is  given. It i s  shown 
t-hat the beitding &feet:: cc?nfine i n  t h e  neighborhood of t h e  clamped 
edge a s  it would be  expected. 
Basic Equations 
L e t  8,  s be circumferent ia l  and meridional coord ina te s  of 
t h e  middle s u r f a c e  of an i s o t r o p i c  con ica l  cone and u, v, w,  be 
c i r cumfe ren t i a l ,  meridional and normal displacement components 
r e spec t ive ly .  Outward w is p o s i t i v e .  When the  th i ckness  of s h e l l  
h is  p ropor t iona l  t o  s and independent t o  8 ,  one has 
h = 6 s  (1 1 
where 6 i s  a cons t an t  which f o r  t h i n  s h e l l s  is ve ry  small. Tne 
elastic law assumes t h e  following r e l a t i o n s h i p s  between t h e  Stress 
r e s u l t a n t s  and displacement components. 2 
=&[sv* + V (u' sec a + v + w t a n  a)-k s2w"tan a] Ns 
=x)[u' s ec  a + v + w t a n  a + u s v' 
*€I 
+ k(v t a n  a + w tan2 a + w" seca a + sw-) t a n  a] 
l - v  
NsQ =D, [su' - u + v' sec a 
) tan2 u] sw -' W '  s i n  a s i n  a + k ( s u '  - u - - + -  
( 2 )  
*Further d e t a i l s  see Reference [l ] 
4 
1 - v  
Nes = (sum - u + v' sec a 
f 
) t a n 2  a] sw" W '  + k (v '  s ec  a + - - s i n  a s i n  a 
= 4 k a [  s2w" - sv' t a n  a + v tw" Sec2 a + sw. - u '  sec a t an  a)] 
MS 
=@ks[w" sed  a + sw' + w t a n 2  a + v t a n  a + vs2w"]  Me 
= & k ( l  - v )  s[(sw'' - w ' )  sec a - ( su '  - u )  t an  a] Mse 
. i n  which Ns ..., Mes are stress r e s u l t a n t s  and stress moments 
. p e r  u n i t  length.  The do t s  i n d i c a t e  p a r t i a l  d i f f e r e n t i a t i o n  w i t h  
respect t o  s and primes wi th  r e spec t  t o  8;  a is t h e  complement 
of t h e  h a l f  c e n t r a l  ang le  of t h e  cone, 
6= and k = - E6 
1 - v i  12 iQ=  
where E is Young's modulas of e l a s t i c i t y  and Y Poisson"s r a t i o .  
Ihe s ix  equat ions  of equi l ibr ium may be given i n  t h e  fo l lowing  
forms: 
( sNs 1. + Nqgs  sec a - Ng = - PsS 
( sNSg) '  + N q g  sec a + Ngs - Q, t a n  a = - P s 
sec  a + (sQs>' = P I s  
0 
No t an  a + Q' e 
(sM ) *  + M' sec  a - Mg = sPs 
8 os 
(sMse)' + M'8 sec a + M = sQe 8s 
s(NQs - Nae> = Mes tan a 
where Qs and Qe are t h e  t r a n s v e r s e  shea r  f o r c e s  p e r  u n i t  
(4) 
l eng th  and a c t i n g  on sec t ions  perpendicular  t o  t h e  8 and 8 
5 
I 
d i r e c t i o n s ;  Pr, Ps and Po are s u r f a c e  l o a d s  p e r  u n i t  area 
i n  normal, meridional and c i r cumfe ren t i a l  d i r e c t i o n s  r e spec t ive ly .  
Dropping t h e  l a s t  one of equa t ions  (4) which is  an i d e n t i t y  
and making use of t h e  f o u r t h  and f i f t h  of equa t ions  (4) t o  e l i m i n a t e  
' t h e  t r a n s v e r s e  shea r ing  f o r c e s  Qs and Q, i n  t h e  o t h e r  t h r e e  
equations,  one has  t h e  t h r e e  equa t ions  of equ i l ib r ium of t h e  forms: 
s(sNs6$. + sNG' sec a + s N - \ ~ A a S , ) '  tgn a os 
t an  a - M t g  t a n  a sec a = - Pos2 - 
sec a - N , = - P  8 
(sNs)'  + Nos' 8 
sN t a n  a + S(sMS)" + (SM'eQ)' sec a + ( 8 M '  e Qs ) *  sec u 
+ MQ" see2 a - SM = P s a  0 r 
S u b s t i t u t i o n  of elastic l a w  ( 2 )  f o r  equa t ions  (5) r e s u l t s  
i n  t h e  fol lowing equat ions of equ i l ib r ium i n  terms of t h e  d i sp lace -  
menta: 
1 - v  l + v  -s2u" + u"sec2a + (1 - v)su' - (1 - v)u + , ~ s v ' * s e c u  2 
3 
+ (2  - v)v ' s eca  + w'tanaseca + k[$1 - w)sau'*tana 
3 - v  
2 v)su' tana - 3(1 - v)u t a n a  - -saw' . '  seca + 3(1 - 
P,s 
- 3(1 - v)sw"seca + 3(1 - w)w'seca]tana = - - x2 
1 - v  l + v  
2 
s u ' * s e c a  - - v)u'seca + sav" + 2 +  "secza -
+ 2sv' - (1 - v)v + usw'tana - (1 - v)wtana 
' 1 - v  "tanasecaa - v t a n a  - s3w" + -sw1"sec2a 2 + k[' - ' y  2 
( 6 )  
pSs 
2 w  d2 
"secaa - sw. - wtanaal tana = - -3 - v  - 3s2w-m - 
6 
3 - v  
2 [u ' s eca  + usv' + v + wtana]tana + k[- -s2u***seca 
- 6s2v" + (2  - ;)v"iec2a - 7sv' - v(1 - t an2a ) ] t ana  
+ k[s%:' + 2 s 2 ~ " * * ~ e c 2 a  + ~ ' ~ s e c ~ a  + 8s3w'** + 48w"'sec2u 
Consider a segment of cone being bounded by 8 = 0 and 8, 
and s = L, and L, L, <L. For convenience, a nondimensional variable 
y is  introduced such t h a t  
Y=E 
On the  observa t ions  over equat ions  (61, t h e  displacement 
f u c t i o n s  m y  be assumed i n  t h e  forms: 
h-1 COS nn8 
v = Bny s i n  8 
1 
( 7 )  
h,-1 cos - nn8 
w = cny s i n  0 ,  
I 
i n  which An, Bn, Cn and Xn are c o n s t a n t s  t o  be determined. 
Phys ica l ly  speaking t h e  upper set of t h e  sinusoidal func t ions  i n  
( 8 )  is for  a complete cone (0 ,  = 2n) w h i l e  t h e  lower one i s  f o r  a 
segment of cone w i t h  t w o  genera tor  edges simply supported so t h a t  
a long  8 = 0 and 8, (<PIT) 
( 9 )  
w = 0, t = 0 ,  Ne = 0 ,  and Me = 0 
The reac t ions  a long  t h e  two genera tor  edges are given by 
a t  8 = 0 and 8,  
(10) 
7 
The S, is  t r a n s v e r s e  shear ing f o r c e  a t  a s e c t i o n  perpendicular  
t o  t h e  Q d i rec t ion .  The shearing f o r c e  Q, may be obtained from 
equat ions (4). 
normal l o a d  appears  is ~ o n s i d e r e d . ~  
I n  what fol lows t h e  case  i n  which only  t h e  lateral  
Thus 
Pg = Ps = 0 
and l e t  Pr = Pm(y) 
S u b s t i t u t i o n  of t h e  assumed 
i n t o  equat ions ( 6 )  y i e l d s  
cos nne 
s i n  8,  (11 1 
displacements and loading  func t ions  
dllAn + d12Bn + d13Cn = 0 
d21An + d22Bn + d23Cn = 0 
L 3 - Xn dnAn + d B c = --p ( y l y  
32 n + d33 n rn 
where 
8 + 3ktan2a)(9 - q) + m 2  
(12 1 
k = +[I + ~ ( 3 ( 9  - I IV) + ~ W X  - ( 3  - v)<)]mtana d13 - 
1 l - v  1 - <> + (1 - v ) ( l  + p2>  + k t a n 2 a ( l  + -m2) d22 = ~ ( 1  2 
(1 3 )  1 
2 dZ3 = -tana[(2 - V >  - VXn] 
d -  1 - t an2a  + ~ k [ ( 1 3  - 1 2 v )  - 1 6  (1 - t an2u) t an2a  33 
4 
+ 8(11 - 12v - 4tan2a)m2 + 16m 
- 2(7-6v + 4 m 2 > A ~  + $1 
3When t h e  o t h e r  loads e x i s t ,  one may fol low a similar procedure 
and by superpos i t ion  t o  g e t  t h e  appropr i a t e  solut ion.  
8 
and i n  which 
nn m = -  sec a. 
Ql (14)  
are obtained by rep lac ing  X 
d21y d31y d32 n 
The express ions  f o r  
with -1 i n  d12, d13, d23y respec t ive ly .  The p l u s  and minus 
signs which appear i n  f r o n t  of one term correspond t o  t h e  upper 
siie l m e r  set of s inusoida l  func t ions  henceforth.  
n 
In  order  t o  have non- t r iv i a l  homogeneous s o l u t i o n s  of t h e  
system of equat ions  (121, t h e  determinant of t h e  c o e f f i c i e n t s  
must vanish. 
for An. Neglect ing t h e  terms of second and h igher  power of k 
as it has been done i n  t h e  de r iva t ion  of elastic l a w  ( 2 )  y i e l d s  
tne characteristic equation i n  t h e  fol lowing form: 
This results i n  an e i g h t  degree c h a r a c t e r i s t i c  equat ion 
i n  which 
G = 16(1  - v2) t an2a  
86 = 4(7 - 4V) - 83tan2a + 16ma 
g4 = 2r127 - 136v + 24va 
4 - 4(8 + 3v)tan2a + 8(4  - 3vz)tan a.] 
4 
+ 16[(17 - 1 2 u )  - 6tan2a! ma - 96m 
g2 = 4[203 - 316v + 120v2 
- 2(80 - 61v)tan2a + 40(4 - 3v2)tan4a] 
+ 16[(71 - 72u) - 4(13 - 10v) tanda  
+ 8(2 - v l t a n  a] ma 
+ 64[(13 - 12v)  - 2(4 - v)tanaa.] m4 + 256m6 
4 
(16)  
9 
4 = 9 0 3  - 12v)(5  - 4 v )  - 8 ( 8  - 7v)tan2a + 16(4  - 3v2)tan u] 80 
+ 16[(215 - 412v + 192v2) + 2(89 - 172v + 96v2)tan2a 
+ 40(2 - v)&n a] m 
- 32[(81 - 1 8 4 v  + 96v2) + 4(16 - 13v) t an2a  - 8tan  a] m 
+ 256[(3 - 4 v )  - 2tan2aI m6 + 256m 
4 2  
4 4 
8 
Ir! vieu nf t h e  aDDroximation - -  made i n  t h e  d e r i v a t i o n  of equat ion 
(151, t h e  fo l lowing  approximate method i s  suggested f o r  t h i s  equation. 
In t roducing  
i n t o  equat ion (15) r e s u l t s  i n  a sequence of equa t ions  a s soc ia t ed  
wi th  t h e  v a r i o u s  powers of 
two lawest  powers of k are 
k. 'Ihe equat ions  a s s o c i a t e d  wi th  t h e  
2 xno - loxno 4. g = 0 
and 
2 2 Thus, one has two roots of An2 which are denoted by X and Xnz n l  
10 
S u b s t i t u t i n g  them i n t o  equation (151 yields  a q u a d r a t i c  equat ion 
of 1; which g ives  
1 la = v(g6 - xi2 - x2 ) n l  
n.3 
4 
9G 1 2 2 2  - + il ,.2 . 2  (go + r) - ;'gs - hn2 - An,> 
J "nl"n2 (21 1 
Hence the e i g h t  roots of An giscip L r ; k  ~ V O ,  fncr ea_ch, One group 
is  of real cumbers; t h e  other is  of complex numbers. 
?he n e x t  s t e p ,  a s  a rountine, i s  t o  solve f o r  An and Bn 
i n  terns of Cn f o r  each root of Xn from any two of t h e  homogeneous 
equat ions of equat ions (12). Ihe e i g h t  c o n s t a n t s  Cn shal l  be 
E 
determined by e i g h t  condi t ions a t  y =J and 1. The boundary 
c o n d i t i o n s  a l o n g  t h e  generator  edges are sat isf ied by t h e  cho ice  
of s inuso ida l  func t ions  of t h e  a n g l e  8. A t  t h e  two c i r c u l a r  
edges one has t h e  following f o u r  boundary cond i t ions  a t  each edge. 
For a build-in edge: 
u = 0, v = 0,  w = 0 and we = 0 
For a free edge: 
N = 0, Ms = 0, Ss = 0 and TS = 0 
S 
where 
1 S = Q, + - M' seca 
8 s so 
Mso T -  - -tam s - Nse s 
being t r a n s v e r s e  and t angen t i a l  s h e a r i n g  f o r c e s  a t  s e c t i o n s  per- 
pend icu la r  t o  t h e  s -d i r ec t ion  respect ively.  The shearing 
force Q, can be obtained from equa t ions  (4). For a simply 
(22 1 
(23) 
(24) 
11 
supported edge: 
w = O ,  M s = O  N s = O  or v = O  
and 
T = O  or u = O  
S 
Asymptotic S ol u t i  ons 
X reach a t  t h e  fo l lowing  asymptotic values: n 
= + 1, x 3 = + 3  l1 - 
2 4 
where 
(26)  
( 2 7 )  
( 2 8 )  
The s u b s c r i p t  n has been and henceforth w i l l  be dropped f o r  s in -  
p l  ic i ty. 
When t h e  f i r s t  group of X, h .  (i  = 1, 2, 3, and 4) i s  
1 
Ai s u b s t i t u t e d  i n t o  t h e  f i rs t  two equat ions  ( 1 2 )  t o  e l imina te  
and Bi, 
t he  fo l lowing  forms: 
and keeping t h e  leading terms only s o l u t i o n s  ( 8 )  assume 
W I  = { c1 + c2y-2 + C3Y 2 nnQ 
12 
When the second group of X, 1 (j = 5,6,7,  and 8) is 
j' 
used, fol lowing the similar procedure, and us ing  some i d e n t i t i e s  
t o  conver t  t h e  complex expressions i n t o  real, one ob ta ins  t he  
f o l l au ing  so lu t ions :  
* 
(30) 
I t  is noted that t h e  s o l u t i o n s  of t h e  f i r s t  group a re  simply 
that of membrane theory. 
Based on s o l u t i o n s  (29) and ( 3 0 )  one m y  e s t a b l i s h  t h e  o rde r s  
4 
of magnitude of the  displacement components 
I I I 1 1 -  1 u , v , w , w  - O ( p )  
1 and uI1 = 0 (p)  
I I Due t o  
and N I a t n a s e s  Ns , No 
also of t h e  o rde r  of (-0) and the  moments are of (3) and higher.  
u , VI and w , t h e  mgn i tudes  of t h e  corresponding 
obta ined  by use  of r e l a t i o n s  (2)  are I f  
?s 
1 1 
P P 
I1 I1 The order p r o p e r t i e r  of t h e  stresses due t o  u .  , VI' and w are 
n o t  q u i t e  obvious and w i l l  be examined as  follows. 
(31 1 
'It i s  assumed as usual that t h e  parameter m &fined by (14) is l i m i t e d  
t o  rlprll va lues  such that t h e  d i f f e r e n t i a t i o n  w i t h  r e spec t  t o  t h e  
does n o t  affect  t h e  o rde r  of magnitude. 
8 
13 
Changing t h e  v a r i a b l e  s t o  y according t o  (7) and then t o  
such that 
Y ='I l/P 
and neg lec t ing  t h e  terms which are of t h e  o rde r  of and higher ,  
5 3  
the  s t ress -d isp lacement  r e l a t i o n s  ( 2 )  assume t h e  fo l lowing  forms: 
1 1 MsO =d?b(l - v)LITpt.w,yOseca - ~ , ~ s e c u  - p l u , ? t a n a  
+ utana]  
t a n a  
1 1 
MeS =4?kL(1 - v ) r p r , 7 e s e c a  - w,Oseca - p y  u , ~  
1 1 
+ -u 2 tana + ~ , ~ t a n a  secu] 
where a s u b s c r i p t  preceded by a comma r e p r e s e n t s  t h e  appropr i a t e  
der iva t ive .  
When t h e  displacements 
(32)  
I1 1 
P 
v = v  = -  
(34) 
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are s u b s t i t u t e d  i n t o  r e l a t i o n s h i p s  (33) and only t h e  terms w i t h  t h e  
lowest o r d e r  of (-1 are re t a ined  t h e  fol lowing r e l a t i o n s h i p s  are 
obtained 
1 
P 
I1 
VMS 
MQ1' = 
in which t h e  r e l a t i o n  
4 k = 3 (1 - v 2 )  tana,  
(36) 
obtained from expression (28) has been used. 
I1 Note t h a t  t h e  normal stresses Ns and NQI1are of t h e  same 
I I o r d e r  a s  t h a t  of N and Ne . I t  can be shown, however, t h a t  
I and Ns 'I vanish iden t i ca l ly .  When only t h e  terms of t h e  
S 
0 
1 
P 
lowest o r d e r  of (-> are re t a ined ,  one has 
I1 w = w l + w  I v =  v ,  I u = u ,  
By t h e  similar comparison of o rde r  p r o p e r t y  one can show t h a t  
t h e  t r ansve r se  and t angen t i a l  shear ing f o r c e s  de f ined  by equa t ions  
15 
(10) and (24)  are 
’Ihus t h e  two sets of solut ion,  nembrane and bending a re  coupled 
by t h e  la teral  de f l ec t ion  w; otherwise,  t hey  would be separable.  
In view of equat ions (371, ( 3 8 )  and (34),  and when s o l u t i o n s  
(29) and ( 3 0 )  are used, t h e  stresses and moments may be given i n  
t h e  fol lowing f i n a l  expl h i t  f oms: 
N = _. 2Ed t a n s  y-2 f 3c4 -4 cos s [In2 - 2(1 - v 2 )  m2 - 7 + 2 v  Y J s i n  Q1 
- - E 6tanc c4y-4) s i n  % 
- 7 .i. 2 v j  cos Q1 NsQ - Ts  + E6 m(m2 
Mg = vM 
S 
I .  
1 6  
and 
I .  
I .  
P a r t i c u l a r  So lu t ions  due to Laterai iu’orml L m d s  
L e t  t h e  lateral  normal load  given 
f o m  
by( l1 )  be  confined i n  a 
i.e. 
where an and $ are prescr ibed.  
One may assume a set of p a r t i c u l a r  s o l u t i o n  i n  t h e  similar 
form as given by expressions (8) except Xn, i n  t h i s  case Xn 
sha l l  be replaced by 
x* = 2p + 3 (41 1 
a known number. Then t h e  p a r t i c u l a r  s o l u t i o n s  are r e a d i l y  obtained 
by s o l v i n g  t h e  three a lgebra i c  equat ions (12)  simultaneously 
provided t h a t  X* is none of t h e  r o o t s  of t h e  determinant. However, 
i n  one of t h e  most common loadings t h e  load is uniformly d i s t r i b u t e d  
a long  meridians, p = 0 hence A* = 3 which i s  one of t h e  roots 
a t  t h e  asymptotic case. 
needs t o  be modified. 
due t o  t h i s  kind of uniform load  is  given. 
In t h e  case such a s  t h i s  t h e  approach 
I n  what fol lows t h e  p a r t i c u l a r  s o l u t i o n  
1 7  
Since i n  t h i s  case  h* is a finite cons tan t  when t h e  parameter 
k approaches zero,  t he  corresponding p a r t i c u l a r  so lu t ion  may be 
obta ined  fro% the equat ions  of membrane theory of the system. 
S e t t i n g  k = 0 and having t h e  independent variable s t r ans -  
formed to y, equat ions  ( 6 )  reduce t o  t h e  fol lowing equat ions  
of equi l ibr ium of membrane theory  w i t h  a l a t e r a l  load  Pr: 
l - v  1 f V  
Iy2U,yy + 3 y ~ ,  - 8u] + -- yu,gyseca + ~ , ~ ~ s e c = a  a Y 
+ (2 - v h ,  seca  + w, secc t a n a  = 0 Q 0 
l t v  3 1 3 -
8 yu,Qyseca - $1 - v)u,OsecG + Gy2v,yy + zyv,y 
I L 
D u,@seca  + p y v ,  + v + wtana = -Pry2 
where 
nnQ p = a C O S  -
O1 ( 4 3 )  
r n s i n  
L e t  t h e  p a r t i c u l a r  so lu t ions  of equat ions  ( 4 2 )  be asstised 
a s  below: 
i n  which dl,  d2, bl ,  b and el are cons tan t s  t o  be determined. a 
When t h e s e  assumed so lu t ions  a r c  s u b s t i t u t e d  i n t o  equat ions  (42) 
and a f t e r  t h e  s inusoida l  func t ions  and y2 are  cance l led ,  one w i l l  
18 
have three equa t ions  i n  t h e  following fashion.  
where t h e  s u b s c r i p t  
of (42) r e spec t ive ly ,  
and to-be-determined constants ,  and 6 is t h e  Kronecker d e l t a .  
4 ( = 1 ,  2, 3 )  i n d i c a t e s  t h e  three equa t ions  
a r e  expres s ions  of t h e  phys i ca l  fe  and hO 
43 
By making the coefficients of both s i d e s  of equa t ions  (45) equal ,  
t h e r e  a re  two sets of a lgeb ra i c  equations; each c o n t a i n s  t h r e e  
equa t ion s tha  t 
f4 = O (46) 
mere a r e ,  however, only two of equa t ions  (46)  t h a t  are independent 
because X* = 3 i s  one of t h e  r o o t s  of the  determinant. Thus 
t h e  f ive  c o n s t a n t s  may be determined by t h e  f i v e  independent 
equat ions of (46) and (47). Ihe r e s u l t s  are 
2 cos gg  
% 
a 
v p = - L - -  [3(1 - 2u1 - m2]y sin 
t a n a  E6 6 
When these displacements a r e  s u b s t i t u t e d  i n t o  t h e  expressions ( 2 )  
wi th  k = 0 t h e  corresponding stresses are  
V -( m2 ln2 - 7 + 2v)  (1 t 1 ) l n y )  cos sin nnQ -+ 
Q1 1 - 9 3  
(49) 
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2 
s i n  e 
c o s  Q1 $ =n m y  [(m2 - 7 + 2v) 7 ( 3  - 6 v  - m 2 > ]  
a~ 
SO t a n a  12(1 + v )  
These p a r t i c u l a r  s o l u t i o n s  combined w i t h  t hose  given by s o l u t i o n s  
( 2 9 )  (30) and (39) c o n s t i t u t e  t he  complete so lu t ions .  
An Example 
For purpose of i l l u s t r a t i o n ,  t a k e  a t runca ted  semi-circular  
cone w i t h  t h e  two generators  simply supported. 
of s o l u t i o n s  (29) (30) (391, (48) and (49) are  t o  be used. L e t  
Thus t h e  lower set 
it be clamped a t  t h e  smaller end a t  s = L1 and f r e e  a t  t h e  o t h e r  
end where s = L so t h a t  
a t y = l  
By making use  of t h e  f i rs t  two i n  each of t h e  foregoing two 
sets of boundary condi t ions,  c o n s t a n t s  Cl, C2, C3 and C can be 4 
determined; then t h e  o t h e r  f o u r  cons t an t s  can be determined by t h e  
remaining f o u r  boundary condi t ions.  
The la te ra l  normal loads are a l s o  known a s  wind loads.  Usually 
there are  two types of such loads: symmetrical and non-symmetrical. 
Since t h e  asymptotic s o l u t i o n s  hold for smell v a l u e s  of n only, 
two cases of n = 1 and n = 2 are  considered. 
L e t  
a n  = P f o r  n = 1 
= o  f o r  n 7  1 
(51 1 
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n =  1 t 
R 
- h 
t h a t  
P = p s i n e  r 
represent  a symmetrical load .  For 
As ymp t o t  i c  
Values n =  2 
a n = $ h p  
~4 I t0.999999 
+0.999995 
+3.00003 
_. .- - ._._ - - _ _ _ _  
0.006 - +O. 99999 7 _ _  
- 0.008 
0.004 - - 
f o r  n = 1 
- +1.0523 I jl 
+l. 1142 
+1.1955 
+2.9851 
___ _ _ _ _  
- ._____ 
- 
- - - 
+3 - - _-__ - 
f o r  n = 2 2 = G.I? P 
0.008 
= o  f o r  n > 2 
- +108.28(1.0045'i) I ?107.77(1.0198?i) 1 2108.53(1'i) 
t h a t  
r ep resen t s  a non-symmetrical l oad ,  These two types of loads  a r e  
depicted i n  Fig. 1. 
For numerical computations t h e  fol lowing va lues  a r e  assumed 
1 
3' 
v = -  a = 75O, p = 0.90 (53)  
t Considering a s  a parameter where  R is t h e  p r i n c i p l e  rad ius  
a t  a s e c t i o n  of th ickness  t, thus  6 = - cosa,  t h e  e i g h t  r o o t s  
of X computed from expressions (20)  (21)  and expressions (26) (27)  
f o r  asymptotic va lues  a r e  l i s t e d  i n  Table 1. 
t 
R 
Table 1. The Values of X 
i 0.006 I - +3.00007 1 - +2.9663 I 23 
I 0.008 I +3.00013 - I +2.9397 - I I3 
+153.2 7 ( 1.002 72i 1 21 52.75( l.O099?i I 21 53 .480  +i )- I 0.004 , 
X57 I 0.006 I 2125.09(1.0035+i) I f124.51(1.01492i) 1 f125 .32( l* i )  
68 
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I t  is ev iden t  t h a t  a s  these r o o t s  a re  concerned for t h i s  case, 
t h e  asymptotic r e s u l t s  are  q u i t e  s a t i s f a c t o r y  f o r  p r a c t i c a l  use. 
The asymptotic s o l u t i o n s  of displacements,  stresses and 
moments computed from expressions (29 (301, (39 combined w i t h  
(48) and (49 1 may be given in  t h e  form: 
i n  which t h e  func t ion  f ( y )  are presented n 
1 and 2 (54) 
i n  Figs. ( 2 )  t o  (11). 
C1 osing Remarks 
?here are a number of approaches f o r  s o l u t i o n s  of she l l s  of 
r evo lu t ion  available. A recent  one was presented by Kalnins [ 2 ]  
by t r e a t i n g  t h e  system of equat ions a s  a series of i n i t i a l - v a l u e  
problems. A comprehensive l i s t  of l i t e r a t u r e  was a l s o  a v a i l a b l e  
there. Conical she l l s  subjected t o  edge loads  was s tud ied  by 
Clark and G a r i b o t t i  [3 ]  by us ing  of edge e f f e c t  approach. 
,_-_I_ ~ - 
The p r e s e n t  s o l u t i o n s  are  i n  e x p l i c i t  forms and r e a d i l y  t o  be 
used f o r  p r a c t i c a l  purpose; t h e  asymptotic s o l u t i o n s  a r e  exac t  
c 
and a p p l i c a b l e  t o  conical  s h e l l s  
1 
[' (t c o s a p  CCl. 
12 R 
When t h e  above parameter i s  v e r y  small t h e  s o l u t i o n s  may be 
use fu l  f o r  con ica l  shells whether  of l i n e a r l y  varying th i ckness  
or of cons t an t  t h i ckness  such as  those  given i n  t h e  example. 
I n  t h e  given example t h e  bending e f f e c t s  diminish r a p i d l y  
from t h e  clamped edge a s  t h i s  i s  known a s  edge e f f e c t  or boundary 
l a y e r  phenomenon. The moments and shear ing forces due t o  t h e  
_ -  
/
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bending 
ntresses. However t h e  membrane stress Ng induced by t h e  bending 
e f f e c t  i s  of t h e  same orde r  a s  t h e  o t h e r  membrane stresses. Thus 
effect  are  of higher  o rde r  a s  compared t o  t h e  membrane 
s o l u t i o n s  of t h e  membrane theory a l o n e  n o t  only make t h e  s o l u t i o n s  
incompatiable b u t  a l s o  make some errors n o t  n e g l i g i b l e  in t h e  
I 
a1 
membrane stress 
The d e f l e c t i o n  p a r t i c u i a r i y  tile l & t S i A i i G Z m l  czm,nnner?t_ at the 
f r e e  end i n  t h e  given example i s  comparatively l a r g e  t o  t h e  thick-  
ness.  For such l a r g e  displacement, t h e  theo ry  is  a p p l i c a b l e  provided 
t h e  s h e l l  i s  n o t  overstrained [4 : .  Thus t h e  s t r a i n  a t  t h e  f i x e d  
end c o n t r o l  t he  v a l i d i t y  of t h e  r e s u l t s .  
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